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We study the effects of strain on the properties and dynamics of Wannier excitons in monolayer
(phosphorene) and few-layer black phosphorus (BP), a promising two-dimensional material for op-
toelectronic applications due to its high mobility, mechanical strength and strain-tuneable direct
band gap. We compare the results to the case of molybdenum disulphide (MoS2) monolayers. We
find that the so-called funnel effect, i.e. the possibility of controlling exciton motion by means of
inhomogeneous strains, is much stronger in few-layer BP than in MoS2 monolayers and, crucially,
is of opposite sign. Instead of excitons accumulating isotropically around regions of high tensile
strain like in MoS2, excitons in BP are pushed away from said regions. This inverse funnel effect is
moreover highly anisotropic, with much larger funnel distances along the armchair crystallographic
direction, leading to a directional focusing of exciton flow. A strong inverse funnel effect could enable
simpler designs of funnel solar cells, and offer new possibilities for the manipulation and harvesting
of light.
I. INTRODUCTION
Two-dimensional (2D) crystals, such as graphene,
transition metal dichalcogenides (TMDs) and, more re-
cently, few-layer black phosphorus (BP), have revealed
great technological potential thanks in particular to their
unique combination of mechanical and optoelectronic
properties. On the one hand, many of these atomically
thin membranes can withstand unprecedented strains of
up to 10−25% without plastically deforming or rupturing
[1]. This is in stark contrast to most bulk semiconduc-
tors that fail mechanically at strains of about 0.1−0.4%.
On the other hand, these materials cover a wide range
of optically active (i.e. direct) band gaps. A particularly
important 2D crystal in this regard is few-layer BP [2–5],
as it is the only member of the family with a direct gap
that covers the range between 0.3 eV and 1.8 eV as the
number of layers is decreased. This is a crucial range of
energies for many semiconductor technologies [6, 7], in-
cluding infrared photodetectors [8], telecommunications
[9], and even photovoltaics [10–12], which could further-
more benefit from BP’s high mobilities [13–15]. Finally,
several of these 2D crystals exhibit an extraordinarily
strong coupling between these two aspects, strain and
optical activity [16]. The gap of TMDs monolayers, for
example, decreases by up to ∼ 1.5% under 1% of uniaxial
tension [17]. Once more, few-layer BP is remarkable in
this regard, as it shows one of the strongest modulation
of its band gap, ranging from a ∼ 6% (monolayer) [18]
to a ∼ 23% (bulk) increase under 1% of uniaxial ten-
sion [19]. Not only is the strain sensitivity of the BP gap
stronger and of opposite sign to that of TMDs, but it is
also expected to be anisotropic with the direction of ap-
plied uniaxial strain [20]. This bestows few-layer BP with
rather unique opportunities in the field of optoelectronics
that are only recently beginning to be explored.
FIG. 1. Color online: An exciton funnel for MoS2 is repre-
sented in (a), where an indenter creates an inhomogeneous
strain profile that modulates the gap (bottom), and pushes
photogenerated excitons (in green) isotropically towards the
center of indentation. In BP (b), the same strain profile cre-
ates a stronger, highly anisotropic inverse funnel effect that
pushes excitons away from the indentation along the armchair
direction.
A fundamental optoelectronic phenomenon in semicon-
ductors is the generation and recombination of excitons,
i.e. particle-hole pairs that become bound by Coulomb
interaction and form a state with energy Eex inside the
semiconductor gap Egap. When illuminated by a light
source of frequency ω > Egap/~, electrons are excited
from the valence to the conduction band. The electron
and the hole lose energy through several mechanisms [21],
eventually relaxing to the exciton state in the gap. After
a finite lifetime τ , typically longer than the preceeding
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2relaxation, the exciton recombines through the emission
of a photon of energy Eex < Egap, producing photolu-
minescence. A number of 2D crystals have remarkably
strong excitonic photoluminescence [22–26], with bind-
ing energies Eb = Egap − Eex typically exceeding those
of semiconductors.
It has been proposed that strain-engineering of the
gaps of 2D crystals could be used to efficiently manip-
ulate excitons. By creating a strain gradient, e.g. by
localized elastic indentation of the crystal, the exciton
energy Eex is expected to vary spatially in a similar way
as the gap itself. Feng et al. [1] predicted that strain
gradients in MoS2 monolayers create a force on (neutral)
excitons that pushes them towards the regions of max-
imum tension (least gap) [27], in what was dubbed an
“exciton funnel”, see Fig. 1a. They argued that in a
photovoltaic solar cell, the modulation of the optical gap
through strain and the efficient funnelling of excitons to
specific locations could lead to significant performance
gains when compared to the standard photocarrier dif-
fusion in conventional, fixed-gap cells, even beating the
Shockley-Quessier limit [28]. Various aspects of exciton
funnelling in MoS2 have been explored experimentally
[29, 30]. More generally, a range of promising applica-
tions for strain-engineered optical properties in 2D crys-
tals have been proposed [31–33].
In this work we study the properties of excitons in
strained few-layer BP and their dynamics under strain
gradients, and compare them to the case of MoS2 mono-
layers. We find that BP exhibits a strongly anisotropic
inverse funnel effect, whereby excitons are efficiently
driven away from regions with tensile strains in a spe-
cific direction relative to the crystal axis. This behaviour
is rare amongst known 2D crystals, and it could prove
preferable to the original funnel effect of TMDs, by sep-
arating the source of strain and the location of exciton
accumulation. An example is the inverse funnel solar
cell of Fig. 1b, wherein the optically active regions are
strained, and separated from the unstrained regions un-
der the electrodes. We furthermore show that the ab-
solute funnelling efficiency in few-layer BP is potentially
far better than in MoS2 monolayers, particularly as the
number of layers increases.
II. FORMALISM
The starting point to analyse exciton formation in 2D
crystals is an accurate description of the non-interacting,
strain-free bandstructure around the gap. To this end
we employ a tight-binding description (see Appendix A)
carefully fitted to ab-initio calculations, both for few-
layer BP (Ref. [34]) and MoS2 (Ref. [35]). These tight-
binding models include pz phosphorus orbitals for BP,
and px,y,z sulfur orbitals plus the five d molybdenum or-
bitals for MoS2, see lattices in Figs. 2(a,b). The models
can be extended to incorporate arbitrary strain profiles,
an important advantage over ab-initio approaches. The
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FIG. 2. Color online: Crystalline structure of MoS2 (a) and
BP (b) monolayers, with their corresponding band structures
within our tight-binding approach (c,d). (e) Schematic repre-
sentation of the single-particle energy bands, with an exciton
state at energy Eex marked in green. (f) Schematic repre-
sentation of the particle-hole excitation spectrum. Excitons
within the light cone E < ~c|k| can decay radiatively, and are
thus ‘bright’.
resulting bands (Fig. 2c,d), gap values and carrier effec-
tive masses are consistent with experimental and theo-
retical results available in the literature. We ignore spin-
orbit coupling, which is responsible in MoS2 for a range of
interesting spin-dependent phenomena, that are however
not essential for the present work.
As expected, in the case of few-layer BP the gap from
the tight-binding model is direct and sits at the Γ point.
Its value ranges from Egap = 1.84 eV for the monolayer
(also known as ‘phosphorene’, Fig. 2d) to Egap = 0.41 eV
for bulk BP [7]. The MoS2 monolayer gap in our model is
around Egap = 1.82 eV [36], but sits at the K point (Fig.
2c), and becomes indirect for multilayer MoS2 samples.
As an indirect gap is much less active optically, many
optoelectronic applications of MoS2 are mostly restricted
to the monolayer. Another important difference between
the bandstructure of the two materials is BP’s strong
anisotropy of carrier effective masses. While the effective
mass of MoS2 for the conduction and valence band is
isotropic due to lattice symmetry, mc,vx = m
c,v
y ≈ 0.5me,
in monolayer BP we have a high anisotropy both in the
conduction (mcx ≈ 0.2me, mcy ≈ 1.1me) and in the va-
lence bands (mvx ≈ 0.2me, mvy ≈ 3.9me). (Throughout
this work, x refers to the armchair orientation, and y to
zigzag, see Fig. 1.) Significant anisotropies persist as the
number of layers increases, a consequence of BP’s puck-
ered lattice structure (Fig. 2b). It is crucial to take into
account the mass anisotropy when discussing exciton for-
mation, as effective masses directly control their binding
energies and spatial dimensions.
The problem of anisotropic excitons has only recently
been analysed [25, 37–40]. In the limit of low exci-
ton density, it is possible to treat the Coulomb inter-
action between a single electron and a single hole as
a two-body problem [41]. Here we use the theory of
3Egap Eb ax ay Mx My |vcv|2 |φ(0)| τ0 τ300K
MoS2 1.82 0.59 7.73 7.73 1.08 1.08 36.4 0.10 0.05 322
BP1 1.84 0.59 10.8 5.10 0.36 5.02 53.4 0.11 0.03 249
BP3 0.87 0.54 11.9 5.72 0.30 2.76 27.9 0.10 0.02 1510
TABLE I. Exciton parameters for unstrained MoS2 monolay-
ers and BP mono- and trilayers, measured in electronvolts,
Angstroms, electron masses, and picoseconds. |vcv|2 stands
for
∑
i |vcvi |2. See footnote [27] regarding the value of Egap
and Eex for MoS2.
Ref. [39], where approximate analytical solutions, valid
for anisotropic electron and hole masses, were derived.
The wave function of an exciton of total momentum
~ ~Q can be expressed as Ψex(~R,~r) = ei
~Q·~Rφ(~r), where
~R is the center-of-mass coordinate, and ~r is the rela-
tive coordinate. In the effective mass approximation,
the total exciton energy disperses with wavevector ~Q as
E( ~Q) = Eex +
∑
i ~2Q2i /2Mi, see Fig. 2f, where the to-
tal masses are Mx,y = m
c
x,y + m
v
x,y. The function φ(~r)
satisfies the Schro¨dinger equation, with reduced masses
µ−1x,y = 1/m
c
x,y + 1/m
v
x,y and Coulomb interaction V (~r)
between the electron and the hole. Its solution yields
the binding energy Eb from which Eex = Egap − Eb (see
Fig. 2e). As shown in Ref. [42], the Coulomb inter-
action V (~r) in a thin slab of thickness d and with di-
electric constant ε, embedded between two dielectric me-
dia with constants ε1 and ε2, depends on the screen-
ing length r0 = dε/(ε1 + ε2), which marks the crossover
between a logarithmic divergence for r < r0 and the
usual 1/r behavior for r > r0. For anisotropic mate-
rials, one can approximate ε = (εxεyεz)
1/3 [43]. In a
suspended BP monolayer (d = 5.24 A˚, ε = 10.3), the
screening length is around r0 ≈ 25 A˚. Since the esti-
mated excitonic radii ax,y in BP monolayer are smaller
than r0 (see Table I), the Coulomb interaction will be
dominated by the logarithmic part. This is also the
case for a suspended MoS2 monolayer (d = 6.14 A˚,
ε = 18.8) [44], with r0 ≈ 58 A˚. We assume this con-
figuration, ε1 = ε2 = 1, throughout the rest of this work.
From the variational approach in Ref. [39] the expres-
sions for the exciton radii in x and y directions read
ax =
√
a0r0/[µ
−1
x + (λµy)−1] and ay = λax, where a0
is the Bohr radius, and λ = (µx/µy)
1/3
measures the
mass anisotropy. The binding energy Eb in the same ap-
proximation reads Eb = − e2r0
{
3
2 + ln [(ax + ay)/8r0]
}
.
Due to the presence of the electromagnetic environ-
ment, an exciton is merely a quasibound state of finite
lifetime. Its main decay channel is through the emission
of a photon of energy equal to that of the exciton E( ~Q)
and of wavevector ~k = (Qx, Qy, kz) for some out of plane
kz. Since the photon energy is E = ~c|~k|, this constraint
can only be satisfied if ~c| ~Q| . Eex, i.e. for small mo-
mentum excitons within the narrow light cone depicted
in Fig. 2f. These ‘bright’ excitons decay with a finite
rate Γ~Q (see Appendix B for a derivation and general
expressions). Around ~Q = 0, the decay rate reads
Γ~Q≈0 =
1
τ0
=
2pi
~
α
Eex
|φ(0)|2
∑
i=x,y
|vcvi |2, (1)
while Γ~Q = 0 for ‘dark’ excitons outside the cone,
within this particular decay channel. Here α ≈ 1/137
is the fine structure constant, φ(0) =
√
2/(piaxay) is
the exciton wavefunction [39] at r = 0, and vcvi are
the valence-conduction dipole matrix elements vcvx,y =
〈ψc(0)|∂kx,yH(~k)|ψv(0)〉, where H(~k) denotes the tight-
binding Bloch Hamiltonian and ψc,v(0) are its single-
particle eigenstates at either side of the (direct) gap.
Typical intrinsic lifetimes τ0 around ~Q = 0 are very
short, at around τ0 = 30 fs for monolayer BP and τ0 =
100 fs for monolayer MoS2. It is known from experiments
[45] that the exciton lifetime dramatically increases with
temperature, likely due to fast phonon-scattering of ex-
citons into non-decaying ‘dark’ states, such as those de-
picted in Fig. 2f. A simple argument based on instanta-
neous thermalization has been proposed [46] that, gener-
alized to anisotropic exciton masses, yields the following
lifetime for temperatures higher than ∼ 0.1 K,
τ = τ0
3
2
kBT
√
MxMyc
2
E2ex
. (2)
This simple estimate predicts greatly enhanced τ ≈ 249
ps and τ ≈ 525 ps room-temperature lifetimes for BP
and MoS2 excitons, respectively, both within order-of-
magnitude range of experimental results in pristine sam-
ples [26, 45, 47, 48]. (It should be noted that currently
available experimental results for time-resolved exciton
decay remain notoriously sample dependent, probably
due to the effect of sample preparation, disorder, envi-
ronmental screening, and the intrinsic complexity of out-
of-equilibrium exciton dynamics.) Table I summarises
the above exciton properties for unstrained BP and MoS2
monolayers.
A generic strain field (x, y) = ij(x, y) (i, j = x, y, z)
can be efficiently incorporated into the hopping ampli-
tudes of our tight-binding model. We denote by t0α,α′ the
 = 0 hopping amplitudes between any two Wannier or-
bitals α, α′ sitting at positions ~r0α, ~r
0
α′ , and connected by
vector ~r0αα′ = ~r
0
α′−~r0α. Under finite strain , hoppings are
modified as tαα′ = t
0
αα′ exp
[−βαα′(|~rαα′ |/|~r0αα′ | − 1)],
where semi-phenomenological parameters βαα′ =
−d ln tαα′(r)/d ln(r)|r=|~r0
αα′ | are the dimensionless local
electron-phonon couplings [49], and ~rαα′ = ~r
0
αα′ +  ·~r0αα′
are the inter-site vectors modified by the strain tensor 
at the bond. For simplicity we assume that βαα′ depend
solely on the L2 angular momentum of the α and α′ or-
bitals, not on their Lz projections. Thus, BP has a single
parameter which we take as βpp ≈ 4.5, while MoS2 has
three, βpp = 3, βpd = 4, βdd = 5 (the latter are consis-
tent with the Wills-Harrison rule [50]). Due to a lack of
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FIG. 3. Color online: Exciton properties as a function of
uniaxial strain in the x (armchair) and y (zigzag) directions
for MoS2 (left column) and BP (right column) monolayers.
Both materials remain in a direct gap regime within the cho-
sen range of strains. (a,b) Exciton radii ax,y. (c,d) Reduced
exciton masses µx,y. (e,f) Binding energy Eb. (g,h) Band gap
Egap and exciton energy Eex.
accurate estimates of the above parameters in the liter-
ature, these values have once more been chosen here on
the basis of ab-initio calculations, specifically by match-
ing the direct-to-indirect gap transitions under strain in
monolayers (at -4% and 6.7% uniaxial in BP [18], and
at 2-3% biaxial in MoS2 [1, 51]). Appendix C shows a
comparison between the above theory and state-of-the-
art ab-initio calculations for the exciton binding energy,
both as a function of biaxial strain and number of layers.
III. RESULTS AND DISCUSION
We now characterize how the properties of excitons
change under uniform uniaxial strains along armchair
(xx) and zigzag (yy) directions on BP and MoS2
monolayers. The corresponding strain tensors are di-
agonal, AC = xxdiag(1,−νACy ,−νACz ) and ZZ =
yydiag(−νZZx , 1,−νZZz ). Poisson ratios ν depend on
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FIG. 4. (a,b) Temperature dependence of exciton lifetime
τ without strain, and (c,d) lifetime versus uniaxial strain at
room temperature, obtained from Eqs. (1, 2). (e,f) Ballistic
exciton funnel distances `Bx,y before recombination at T =
5 K, as a function of initial strain 0ii, when subjected to a
1% uniaxial strain increase per micrometer travelled. This
measures the efficiency of the funnel effect along each uniaxial
strain direction.
the effective elastic coefficients of the two materi-
als, and are estimated to be (νACy , ν
AC
z , ν
ZZ
x , ν
ZZ
z ) ≈
(0.7,−0.03, 0.2, 0.2) for BP monolayers [18, 52–55], and
(νACy , ν
AC
z , ν
ZZ
x , ν
ZZ
z ) ≈ (0.25, 0.0, 0.25, 0.0) for MoS2
monolayers [56]. Although some uncertainty exists in
these Poisson ratios, we observe that their precise values
have little effect on the exciton properties under strain.
The strain-dependence of exciton radii ax,y, reduced
masses µx,y, binding energy Eb, band gap Egap and ex-
citon energy Eex are presented in Fig. 3, both for MoS2
(left column) and BP monolayers (right column). In the
former, although the gap remains direct, it is shifted
slightly away from the K point as a result of the strain.
The most notable difference between the two materials is
the strong anisotropy, apparent in the exciton shape and
masses (panels a-d) and the opposite trend of the band
gap with uniaxial strain: decreasing for MoS2 (panel g)
and increasing for monolayer BP (panel h, also true in
multilayers). Due to the almost strain-independent bind-
ing energy Eb in both cases (panels e,f), the exciton en-
ergy Eex, in green, also behaves this way under increasing
uniaxial strain. In the case of biaxial strain the effect is
even more pronounced (see Appendix C). Thus, an exci-
ton generated on a sample with a finite strain gradient
5will be accelerated towards regions with higher tensile
strain in monolayer MoS2 (funnel effect), or away from
said regions in few-layer BP (inverse funnel effect), as
depicted in Figs. 1.
The unusual sign of gap modulation with strain in
BP (∂Egap/∂ii > 0) as compared to transition metal
dichalcogenides in general (∂Egap/∂ii < 0), see Fig. 3h,
has been demonstrated in optical absorption experiments
[19] and ab-initio calculations [18, 57]. It is ultimately a
consequence of the puckered crystal structure of BP. The
gap in this material, Egap ≈ 2t‖2 + 4t‖1 > 0, is controlled
directly by the partial cancellation between out-of-plane
t
‖
2 and in-plane t
‖
1 hoppings, which have opposite sign
(t
‖
1 < 0 and t
‖
2 > 0, as defined in Fig. 5). Due to the
lattice puckering, tensile strains in the plane suppress t
‖
1,
but increase t
‖
2 due to the positive out-of-plane Poisson
ratio, leading to a rapid gap increase.
The exciton lifetime τ for the two monolayers is shown
in Figs. 4(a-d) versus temperature and strain. Its strain
dependence is visibly stronger in BP than in MoS2, even
diverging at the strain-induced direct-to-indirect tran-
sitions (xx = 6.7% and yy = −4%), at which the
BP monolayer valence band mass vanishes. Consider
next the maximum distance an exciton may be funnelled
across before it decays. We assume that the exciton does
not dissociate under the acceleration (type-I funnel [1]),
which is the relevant regime for realistic strains in both
these systems given their large binding energies. Take
a perfectly ballistic sample with a linear spatial depen-
dence of Eex(~r) = ~F · ~r produced by a strain gradient,
Fi = ∂jkEex()∂rijk. A semiclassical exciton subjected
to the force ~F travels a distance `Bi =
1
2τ
2M−1i Fi before
it decays [58]. If the sample is disordered or temperature
is high, the Drude scattering or phase coherence time τD
due to defects or phonons may become shorter than the
exciton’s lifetime τ . Its propagation then becomes diffu-
sive before decaying, and the travelled distance is reduced
to `Di ≈ τDτM−1i Fi [1, 59, 60]. Figs. 4(e,f) show the bal-
listic funnel distances `Bi at T = 5K (τ ∼ 4 ps) traveled
by an exciton generated at initial point ~r = (x0, y0) un-
der a linear uniaxial strain profile xx = 
0
xx + g(x− x0)
or yy = 
0
yy + g(y − y0). We consider a small strain
gradient g = 1% per µm, and plot `Bi as a function of
initial strain 0ii. In a MoS2 monolayer `
B is isotropic
and of the order of ∼ 70 nm at zero initial strain, always
towards increasingly strained regions. In BP monolayer,
the ballistic (inverse) funnel distance is instead highly
anisotropic, reaching ∼ 440 nm along armchair and ∼ 20
nm along zigzag directions, always away from strained
regions. As a result, exciton flow becomes focused along
the armchair direction in sufficiently ballistic samples, a
phenomenon that may once more be exploited in various
optoelectronic applications, as it will boost the device
performance for specific orientations of electrodes or ter-
minals, such as in the solar cell of Fig. 1b.
A key aspect for photocurrent generation [61] in a fun-
nel solar cell is the efficiency of exciton dissociation at
the harvesting regions. This will critically depend on
the contact properties, in particular the band alignment
between BP and the semiconducting electrodes and the
quality of the contact. The electrode materials and con-
figuration should be chosen so as to form a p-n junction
at the contact that may tear the exciton apart, convert-
ing its energy to electrical power with optimal efficiency.
A number of recent works have been devoted to the prop-
erties of contacts to BP [62], with a focus on photovoltaic
efficiency [11, 63–65]. It has been predicted in particular
that MoS2 [63, 64] or compressed BP itself [11] could be
ideal electrode materials for BP-based solar cells.
The remarkable performance of the inverse funnel ef-
fect in BP monolayers is largely due to the small exciton
mass Mx along the armchair direction, see Table I, but
also to the strong sensitivity of Egap and Eex with strain,
Fig. 3h. The strain modulation of the binding energy Eb
gives a relatively minor correction, so that more complex
bound states that are formed at high excitation regimes,
such as biexcitons [66], are expected to respond to strain
gradients in a similar way as excitons, albeit possibly
with reduced lifetimes at high densities [47]. The effi-
cient modulation of optoelectronic properties with strain,
a hallmark property of this material, was recently show-
cased by optical absorption experiments in elastically rip-
pled few-layer BP [19]. Increasing the number of BP lay-
ers, moreover, the inverse funnel performance is expected
to improve even further. As the gap is reduced, Eex shifts
down to energies with a far smaller photon density (the
photon density of states is ρ(E) = 8piE2/(hc)3), and the
range of bright excitons shrinks. This produces a sharp
increase of exciton lifetimes, see Table I. Moreover, while
the strain sensitivity of the exciton energy ∂Eex remains
mostly unchanged, the averaged exciton mass decreases
by up to ∼ 40%, which conspires to increase the funnel
distance even further as the number of layers increases
(more details on multilayer funnelling can be found in
Appendix D). As an example, a ballistic three-layer BP
sample is expected to reach values of `Bx in the tens of
micrometers at T = 5 K. A real BP trilayer would obvi-
ously be in the diffusive funnel regime in this case, and
additional decay channels may also have to be consid-
ered [67], but even with a τD ∼ 1ps, one would expect an
`Dx of several micrometers. This renders few-layer BP a
far more promising platform for exciton funnelling than
MoS2.
To conclude, we have characterised the properties of
Wannier excitons in few-layer BP and MoS2 monolayers
under strain. We have shown that the former presents
strongly anisotropic exciton properties and a high sen-
sitivity to strain. As a result we have demonstrated
that few-layer BP should exhibit a remarkably strong
anisotropic inverse funnel effect, which could be exploited
for a number of optoelectronic technologies, such as high
efficiency funnel solar cells. While we have focused on
the case of BP, our proposal of inverse exciton funnelling
could potentially be realised in other, structurally similar
compounds, such as group-IV monochalcogenides (e.g.
6GeSe) [68, 69]. Some of these new materials (e.g. GeS
or SnS), have multiple valleys and indirect gaps without
strain, however. If they prove to be as strain-tuneable
as BP, this feature could perhaps be turned into an
advantage for exciton control. Assuming the indirect
gap can be made direct under strain, one can envision
strained, optically-active regions funnelling excitons to-
wards dark, unstrained regions, which would result in
enhanced lifetimes of accumulated excitons. Further op-
portunities to exploit the remarkable interplay between
strain and exciton dynamics are also expected in twisted
multilayers [70], and heterostructures combining several
of these materials. Moire´ patterns due to a lattice mis-
match between layers are expected to give rise to gap
modulations and spontaneous strain superlattices, phe-
nomena already familiar from twisted graphene bilay-
ers and graphene/boron nitride heterostructures [71–75].
Moire´ patterns and strain superlattices could thus open
the door to two-dimensional crystalline materials with
built-in, spontaneous funnelling, without the need of ex-
ternally induced strains.
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Appendix A: Tight-Binding Models of Black
Phosphorus and MoS2
The computation of the exciton properties in the main
text rely on the ability to obtain the gap, effective masses
and dipole matrix elements vcvx,y of the different materials
under study, with and without strain. To this end, we
employ a tight-binding model fitted to ab-initio calcu-
lations, and incorporate strains as discussed in the main
text. For BP we used the model by Rudenko et al. of Ref.
[34], which considers 14 hopping parameters between the
pz orbital at each phosphorus atom, see Fig. 5. Rudenko
et al. fit the hopping parameters to GW-LDA calculation
without strain, with values reproduced in Table II. The
model includes hoppings between atoms with relative dis-
tance up to 5.49 A˚, and requires no crystal fields. It has
been shown to accurately describe the bandstructure of
BP from the monolayer to the bulk [19, 34].
For MoS2 monolayers we have used the model in Ref.
FIG. 5. Hopping amplitudes between pz orbitals in a BP
multilayer. See Table II for their values.
t
‖
1 = −1.486 eV t‖6 = 0.186 eV t⊥1 = 0.524 eV
t
‖
2 = 3.729 eV t
‖
7 = −0.063 eV t⊥2 = 0.180 eV
t
‖
3 = −0.252 eV t‖8 = 0.101 eV t⊥3 = −0.123 eV
t
‖
4 = −0.071 eV t‖9 = −0.042 eV t⊥4 = −0.168 eV
t
‖
5 = −0.019 eV t‖10 = 0.073 eV
TABLE II. Values of the BP hopping parameters up to a
distance of 5.49 A˚., obtained in Ref. [34] from a fit to GW-
LDA results.
[35], which includes all p orbitals in sulfur atoms, and
all d orbitals in molybdenum atoms. We have obtained
the tight-binding parameters and crystal fields for this
model by fitting to LDA bandstructure results (see foot-
note [27]). The resulting values are shown in Table III.
Appendix B: Radiative Lifetime of excitons in Black
Phosphorus
Radiative recombination occurs when an exciton in
its ground state |Ψex( ~Q)〉, of energy Eex( ~Q), recombines
with the consequent emission of a single photon in the
state |γ~k,ν〉 = a†ν(~k)|0em〉 with energy ~ω~k = ~c|~k|. The
operator a†ν(~k) creates a photon with momentum ~k po-
larized along the vector ~eν . In this section we present a
detailed derivation of general expressions for the decay
rate of an exciton within this single-photon channel us-
ing a generic two-dimensional tight-binding description
for the system, and the general description of excitons of
Ref. [39].
1. Model
Assume a 2D system with a generic Bloch Hamiltonian
H(~k) obtained e.g. from a tight-binding model. For sim-
plicity, we further assume the system has a direct gap at
the Γ point (the final expressions will still be valid for ex-
pansions around a different point, as long as we measure
momenta from that point), so that at small |~k| we may
7Crystal Fields ∆0 -1.094 eV
∆1 -0.05 eV
∆2 -1.512 eV
∆p -3.560 eV
∆z -6.886 eV
Intralayer Mo-S Vpdσ 3.689 eV
Vpdpi -1.241 eV
Intralayer Mo-Mo Vddσ -0.895 eV
Vddpi 0.252 eV
Vddδ 0.228 eV
Intralayer S-S Vppσ 1.225 eV
Vpppi -0.467 eV
TABLE III. Tight-binding parameters employed in the MoS2
model.
expand
H(~k) = H0 + kiH
i
1 +
1
2
kikjH
ij
2 +O(k3),
with Hi1 = ∂kiH and H
ij
2 = ∂ki∂kjH, evaluated at
~k = 0.
In the presence of an electromagnetic environment, the
minimal coupling enters as H(~k − e~ ~A), where ~A is the
electromagnetic field. The expanded Hamiltonian be-
comes, to first order in ~A
H(~k − e
~
~A) = H(~k) +Wem +O(A2),
with the electromagnetic vertex defined as
Wem = − e~Ai(~r)V
i
and
V i(~k) = Hi1 + k
jHij2 . (B1)
The second-quantization version of H(~k) is obtained
as usual,
H(~k) =
2D∑
~k
c†s(~k)
[
H(~k)
]
ss′
cs′(~k),
where s, s′ are indices in a basis in the unit cell, and are
implicitly summed over. The electromagnetic vertex is
similarly expressed as
Wem = − e~
∫
d2rAi(~r)ψs(~r)
[
V i
]
ss′ ψs′(~r),
where the kj term in V
i above gives rise to a −i∂xjψs′(~r).
The Hamiltonian of the electromagnetic environment,
derived from quantizing the electromagnetic action S =
1
4
∫
d4xFµνF
µν , can be written as
Hem =
3D∑
~k,ν=±1
~ω~k
[
a†ν(~k)aν(~k) +
1
2
]
,
where ω~k = c|~k|, and
~A(~r) =
3D∑
~k,ν=±1
√
~
2ω~kΩ0
[
~eνaν(~k)e
i~k~r + h.c.
]
.
In the above equations, Ω is the total volume of the sys-
tem, and ν = ±1 are the two possible polarizations of the
photon field, so that ~k · ~eν = 0. If ~k = kzˆ, for example,
then ~e± = (∓xˆ− iyˆ)/
√
2 for a basis with circular polar-
ization. This form of ~A corresponds to the Coulomb (or
transverse) gauge ~∇· ~A = 0, for which ~A oscillates in the
plane perpendicular to the propagation direction of the
photon.
The complete vertex in second quantization then reads
Wem = − e~
3D∑
~kν
2D∑
~k′
√
~
2ω~kΩ0
eiνaν(
~k) (B2)
×c†s(~k′ +
~k‖
2
)V iss′(
~k′)cs′(~k′ −
~k‖
2
) + h.c.
The notation ~k‖ above stands for the photon wavevector
within the sample plane. Note the implicit summation
over i (dot product of gauge field and fermionic current).
2. Exciton ground state
We consider now an exciton, i.e. an electron-hole pair
bound by Coulomb interaction and with energy within
the gap. As discussed in Ref. [39], the wavefunction of
the pair may be obtained from a Schro¨dinger equation
in the electron-hole relative coordinate ~r, which has a
reduced mass tensor (µij)
−1 = (mcij)
−1 + (mvij)
−1, in
terms of the effective mass tensors of the electron and the
hole at the conduction and valence bands. The solution
for the wavefunction is φ(~r). An exciton with a total
momentum ~Q has energy Eex( ~Q) = Egap( ~Q) − Eb( ~Q),
see Fig. 2f in the main text, where Egap( ~Q) is the gap
of H( ~Q) and Eb( ~Q) is the exciton binding energy. The
particle-hole state is written as
|Ψex( ~Q)〉 =
∫
d2Rd2r
e−i ~Q~R√
S
φ(~r)ψ†c(~R−~r/2)ψv(~R+~r/2)|0〉,
where S is the surface of the system, ~R is the center-
of-mass coordinate and |0〉 is the electronic system’s
ground state. We may Fourier transform the above us-
ing c†(~k) = 1√
S
∫
d2r ei
~k~rψ†(~r) and its converse ψ†(~r) =
81√
S
∑2D
~k e
−i~k~rc†(~k). This gives, for the exciton state at
momentum ~Q,
|Ψex( ~Q)〉 = 1√
S
2D∑
~k
∫
d2r ei
~k~rφ(~r)c†c(~k+
~Q
2
)cv(~k−
~Q
2
)|0〉.
3. Exciton decay
We wish to find the relaxation rate of the |Ψex( ~Q)〉
exciton due to its coupling Wem to the electromagnetic
environment. According to the Fermi golden rule, this
rate is
Γ~Q =
2pi
~
3D∑
~kν
∣∣∣〈0; γ~k,ν |Wem|Ψex( ~Q); 0em〉∣∣∣2 δ(~ω~k−Eex( ~Q)).
Note that |γ~k,ν〉 = a†ν(~k)|0em〉 is a single photon state,
and |0em〉 is the electromagnetic vacuum. We insert the
form of Wem, Eq. (B2), to get,
Γ~Q =
2pi
~
e2
~2
~
2Ω0
3D∑
~k,ν
∣∣∣〈0em|aν(~k)a†ν(~k)|0em〉∣∣∣2
ω~k
×
∣∣∣〈0|~ei∗ν · ~V |Ψex( ~Q)〉∣∣∣2 δ(~ω~k − Eex( ~Q))
=
2pi
~
e2
~2
~2
2ΩEex0
3D∑
~k,ν
∣∣∣∣〈0|~ei∗ν · ~V †~k‖ |Ψex( ~Q)〉
∣∣∣∣2
×δ(~ω~k − Eex( ~Q)), (B3)
where we define ~V~k‖ = (V
x
~k‖
, V y~k‖
, 0) and
V i~k‖
=
2D∑
~k′
c†s(~k
′+
~k‖
2
)
(
vss
′
i + k
′jwss
′
ij
)
cs′(~k
′−
~k‖
2
). (B4)
The matrix element in Eq. (B3) produces the Kronecker
constraint δ~k‖−~Qδs′vδsc, and finally gives
〈0|V i~k‖ |Ψex( ~Q)〉 =
δ~k‖−~Q√
S
∫
d2r
∑
~k′
ei
~k′~rV i∗cv (~k
′)φ(r)
=
√
Sδ~k‖−~Q
(
vcv∗i φ(0)− iwcv∗ij ∂xjφ(0)
)
≡
√
Sδ~k‖−~QF
i∗,
where the star denotes complex conjugation and the
parenthesis in the second line is denoted by F i for brevity.
From Eq. (B1), the dipole matrix elements vcvi and w
cv
ij
above are defined as first and second order derivatives of
H(~k) around the gap at ~k = 0, respectively,
vcvi = 〈ψc(0)|∂kiH|ψv(0)〉,
wcvi,j = 〈ψc(0)|∂ki∂kjH|ψv(0)〉.
We have also used 1S
∑2D
~k e
−i~k~r = δ(~r). We finally elimi-
nate the sum over the photon’s ~k‖ with the above δ~k‖−~Q
and obtain
Γ~Q =
2pi
~
e2
~2
~2S
2ΩEex0
∑
kzν
|eiνF i|2δ(~c
√
Q2 + k2z−Eex( ~Q)).
We use the energy constraint to perform the sum
∑
kz
=
Lz
2pi
∫
dkz (where LzS = Ω), taking into account the ap-
propriate Jacobian
δ(~c
√
Q2 + k2z − Eex( ~Q)) =
Eex( ~Q)
(~c)2k(0)x
δ(kz − k(0)z ),
with k
(0)
z defined by ~c
√
Q2 + k
(0)
z
2
= Eex( ~Q).
Finally,
Γ~Q =
e2
~
1
20
1
(~c)2k(0)z
∑
i,ν
|eiνF i|2
=
1
~
2piα√
Eex( ~Q)2 − (~cQ)2
×
∑
i,ν
∣∣eiν [vcvi φ(0) + iwcvij ∂xjφ(0)]∣∣2 .
Recall that ~eν (with its dual ~e
∗
ν) form a two-
dimensional and ~Q-dependent orthonormal basis of the
plane orthogonal to the photon’s ~k, namely ~k =
(Qx, Qy, k
(0)
z ) in this case. Note also that Q = | ~Q| <
Eex/~c above, otherwise Γ~Q = 0. If Q = 0 (exciton
ground state), the photon has only z momentum, and ~eν
can be chosen as xˆ, yˆ, i.e eiν = δν,i. We then recover the
expression given in the main text,
Γ0 =
1
~
2piα
Eex
∑
i
∣∣vcvi φ(0) + iwcvij ∂xjφ(0)∣∣2 . (B5)
Note that the wcvφ′(0) term can be neglected if φ(~r)
is an even (differentiable) function of position. Likewise,
the vcvφ(0) term vanishes for an odd φ(~r), which is ex-
pected of an excited state for the exciton (not considered
in this work). Note also that the above derivation relies
heavily on momentum conservation laws, which apply
only if the sample size is much larger than the photon
wavelength λ = 2pi/k = hc/Eex. In the opposite limit,
the decay rate is expected to be linear in sample area,
and the photon is emitted isotropically.
Appendix C: Theory benchmarking
In this section we assess the accuracy of our theory
for the exciton binding energy Eb, by comparing to pub-
lished ab-initio results based on the Bethe-Salpeter equa-
tion, see Refs. [11, 38, 57, 76]. Figure 6a shows the
comparison of Eb in unstrained BP multilayers for in-
creasing number of layers n. We find good agreement
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FIG. 6. (a) Exciton binding energy in unstrained BP as a
function of number of layers. (b) Exciton binding energy in
a BP monolayer as a function of biaxial strain. Coloured
symbols correspond to the indicated references.
up to around n = 3 layers, with our theory well within
the dispersion of published predictions. Beyond n = 3,
the two-dimensional Keldysh potential employed in this
work leads to an overestimation of the binding energy.
The reason is that when the multilayer thickness exceeds
the vertical exciton radius, a proper three-dimensional
calculation of Eb becomes necessary, which in turn leads
to smaller binding energies, properly captured by the ab-
initio results. This is a generic effect, whereby an in-
creased dimensionality leads to reduced binding energies
from confining potentials [77].
Figure 6b shows a second comparison of Eb in BP
monolayers as a function of biaxial strain. We once more
find reasonable agreement between our theory and ab-
initio calculation. Note in particular that the trend of
increasing Eb with tensile strain is correctly captured.
We thus conclude that our analytical description of exci-
ton properties is quite accurate for BP multilayers up to
n = 3 within a wide range of realistic deformations.
Appendix D: Inverse funnel effect in BP multilayers
The theory and simulations presented in the main text
focus on the case of BP and MoS2 monolayers. While
for MoS2, multilayers are less useful for optoelectronics,
given their indirect gap, this limitation does not apply
to BP multilayers, whose gap is direct irrespective of the
number of layers n. Indeed, as anticipated in the main
text, we expect the inverse funnel effect in multilayer BP
to strongly outperform that of BP monolayers. The main
reason is a strong enhancement of exciton lifetime as n
increases, which is a result of the decreasing bandgap (see
Fig. 7a), and the correspondingly suppressed density of
photon densities at smaller energies, ρ(E) ∼ E2. The
sensitivity of the gap as a function of strain ∂Egap/∂ii
is not dramatically affected by n, see Fig. 7b. Our theory
thus predicts a strong increase for the BP exciton lifetime
as n grows, see Fig. 7c. Similarly, the corresponding
ballistic drift length, Fig. 7d, is enhanced into the tens
of micrometers for ten layers.
These multilayer predictions should be taken with cau-
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FIG. 7. (a) Direct bandgap, (b) bandgap change as a function
of strain ∂Egap/∂ii, (c) exciton lifetime at T = 5K, and (d)
ballistic drift length as a function of number of layers in a BP
multilayer.
tion, however. The theory, as presented, is strictly valid
for excitons confined to two dimensions. When the multi-
layer thickness exceeds the vertical exciton diameter, the
theory ceases to apply, strictly speaking. This happens
already for a BP trilayer. The inclusion of the vertical
dimension into the theory, however, is expected to only
modify the results for the exciton binding energy, see Ap-
pendix C, which is not essential to the funnel effect, as
discussed in the main text. Indeed, the main driver for
the efficient inverse funnel mechanism is the modulation
of the single-particle bandgap with strain, Fig. 7b, which
is correctly captured by our theory. Therefore, we expect
the results in Fig. 7(c,d) to remain qualitatively correct
in a more general three-dimensional theory.
A second limitation, however, is not so straightforward
to generalise. The only exciton decay channel considered
here is radiative decay. Our theory does not include other
non-radiative decay channels, such as Auger scattering,
that while relatively unimportant for monolayers, should
dominate exciton decay for thicker multilayers. There-
fore, the results of Fig. 7 should rather be interpreted as
an upper bound, absent a more complete description of
all exciton decay channels.
One last consideration that should be kept in mind is
the problem of inducing strain gradients in multilayers.
As n grows, the material becomes stiffer, which may chal-
lenge efforts to create a given strain gradient. Moreover,
the appearance of interlayer shear becomes a possibil-
ity (not considered here) which would modulate the in-
terlayer coupling spatially, adding considerable complex-
ity to the problem. A complete study of the multilayer
elasticity problem is far beyond the scope of the present
paper, but should be carefully considered in multilayer
10
experiments.
Despite the above considerations, we anticipate that
the optimal number of layers for the inverse funnel effect
is probably greater than one, but not much greater than
eight, for which the bandgap begins to saturate to its bulk
value. The performance for the optimal BP multilayer
is expected, in any case, to greatly exceed the already
remarkable results predicted here for the BP monolayer.
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